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Structure of quantum and broadcasting nonlocal correlations
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The multipartite setting offers much more complexity of nonlocality than the bipartite one. We
analyze the structure of tripartite nonlocal correlations by proposing inequalities satisfied by each
of type: bilocal, broadcasting and quantum, but violated by the other two. One of the inequalities
satisfied by broadcasting correlations is generalized for multipartite systems. The study of its quan-
tum mechanical violation reveals that Greenberger-Horne-Zeilinger-like states exhibit new, powerful
correlations.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
After the formulation of Bell’s theorem showing the
incompatibility between quantum mechanics and local
realism [1, 2] and the discovery of the famous CHSH in-
equality [3], studies of nonlocality naturally evolved to
more general scenarios. One direction was to devise in-
equalities involving more parties [4]; the other to consider
stronger than quantum correlations [quantum mechani-
cal (QM)] [5]. Of particular interest is the intersection of
these approaches: generalized multipartite correlations.
Research in this area was pioneered by Svetlichny, who
introduced the notion of bilocal (BL) inequalities [6–8].
They are satisfied by every theory in which the set of
parties can be divided into two groups sharing only clas-
sical correlations, while any type of probability distribu-
tion is allowed inside both groups. This ”anything goes”
behavior in the groups clearly allows for some probability
distributions impossible in quantum mechanics, but the
most interesting result in [6] is that there are quantum
correlations which violate BL inequalities. This leads
to the introduction of the notions of genuine multiparty
entanglement and nonlocality. The idea of BL correla-
tions was further developed in [9–11], where two, weaker
versions of them were introduced: no-signalling bilocal
(NSBL) and time-ordered bilocal (TOBL) to understand
genuine tripartite nonlocality from a better physical as
well as operational point of view. Further study of TOBL
models lead to a powerful result in the foundations of
quantum theory which states that it cannot be derived
with only two-partite informational principles [12, 13].
Recently, another category of correlations, namely
broadcasting correlations (BCs) has been proposed [14,
15], in which some of the parties communicate their mea-
surements information to all other. As pointed out by
Bancal et al., quantum mechanical (QM) violation of
broadcasting correlations serves as a different measure
of multipartite nonlocality, and equivalently can also be
regarded as an alternative notion of genuine multipartite
nonlocality. However, these correlations remained largely
unexplored. The aim of this work is to change this state.
Firstly, we demonstrate that for each of the three sets-
bilocal, broadcasting and quantum, there are probabil-
ity distributions which are members of this set but not
of the other two. Moreover, we also prove that for each
of them there are inequalities which are violated by the
other two. This reveals the complicated and interest-
ing structure of tripartite nonlocality. The broadcasting
inequality which is violated by both bilocal and quan-
tum correlations, is generalized for the multipartite case
and the QM violation is studied. Our results imply that
all the Greenberger-Horne-Zeilinger (GHZ)-like states for
N = 3, 4, 5, 6-partite system, violate broadcasting in-
equality. We also provide the analogous notion of anony-
mous quantum nonlocality [16], with respect to broad-
casting correlations.
II. DIFFERENT MULTIPARTITE
CORRELATIONS
We begin by defining different sets of probability dis-
tributions. Let us consider a three-partite system where
the observablesX,Y, Z are measured by the first, second,
and third parties yielding outcomes a, b, and c respec-
tively. As mentioned in the previous section, the BL and
TOBL correlations are defined as follows [6, 9, 10]:
TOBL: P (a, b, c|X,Y, Z) =∑
λ1
qλ1Pλ1 (a|X)P Y→Zλ1 (b, c|Y, Z)
+
∑
λ2
qλ2Pλ2(a|X)PZ→Yλ2 (b, c|Y, Z)
+
∑
λ3
qλ3Pλ3(b|Y )PX→Zλ3 (a, c|X,Z)
+
∑
λ4
qλ4Pλ4(b|Y )PZ→Xλ4 (a, c|X,Z)
+
∑
λ5
qλ5Pλ5(c|Z)PX→Yλ5 (a, b|X,Y )
+
∑
λ6
qλ6Pλ6(c|Z)P Y→Xλ6 (a, b|X,Y )
(1)
2BL: P (a, b, c|X,Y, Z) =∑
λ1
qλ1Pλ1(a|X)Pλ1(b, c|Y, Z)
+
∑
λ2
qλ2Pλ2(b|Y )Pλ2(a, c|X,Z)
+
∑
λ3
qλ3Pλ3(c|Z)Pλ3(a, b|X,Y ).
(2)
Here
∑
λi
qλi = 1, Pλ1(b, c|Y, Z) is an arbitrary probabil-
ity distribution, and PY→Zλ1 (b, c|Y, Z) is any one-way sig-
naling distribution where information is sent from second
party to third party. NSBL is the particular case of bilo-
cality where all the joint probabilities, like Pλ1(b, c|Y, Z)
are nonsignaling. It was shown that NSBL ( TOBL (
BL [9, 10].
Our main focus in this work is the broadcasting corre-
lations in which: (i) all the parties have a local descrip-
tion, and (ii) in each run of the experiment some of the
parties broadcast information to all the others. When
there is more than one broadcasting party, a subtlety
might arise in this definition, which was not pointed out
earlier. In this case, the outcome statistics of two broad-
casting parties depend on one another and this might
lead to grandfather-like paradoxes or a not well defined
probability distribution. Thus we choose to assume a
preferred frame of reference. It is known that in a world
with a preferred frame of reference, the possibility of su-
perluminal signaling does not lead to paradoxes, and all
events can be ordered chronologically. With respect to
this time ordering of the measurement events, we allow
some particles to send the information about the choice
and the outcome of the measurement to all other parties.
Note that we do not know what this preferred frame of
reference is, and it can change over time. Moreover, the
particles can have access to shared randomness so in each
round the time ordering of measurement events may dif-
fer. It is easy to see that if more than one particle is
broadcasting in the tripartite case, then every probabil-
ity distribution is allowed. Therefore, here we concen-
trate on the case when only one particle, that which is
measured first is sending information.
As a consequence, the joint probability
P (a, b, c|X,Y, Z) in the tripartite first event broad-
casting scenario, can be written as
P (a, b, c|X,Y, Z)
=
∑
λ1
qλ1Pλ1(a|X)PX→Yλ1 (b|Y,X, a)PX→Zλ1 (c|Z,X, a)
+
∑
λ2
qλ2Pλ2(b|Y )P Y→Xλ2 (a|X,Y, b)P Y→Zλ2 (c|Z, Y, b)
+
∑
λ3
qλ3Pλ3(c|Z)PZ→Yλ3 (b|Y, Z, c)PZ→Xλ3 (a|X,Z, c).
(3)
It is noteworthy that we remain consistent with Bell’s
original assumption of local realism, where the measure-
ment outcome can be stochastic, while determinism is a
derived concept [1, 2].
Before we explicate the relation between different tri-
partite correlations, it is noted that broadcasting (3) al-
lows two one-way signaling channels whereas TOBL (1)
allows only one. Hence, TOBL and NSBL are proper
subsets of broadcasting correlations.
III. RELATION BETWEEN DIFFERENT SETS
OF CORRELATIONS
Let us consider broadcasting correlations, in which one
of the two observables X,Y, Z ∈ {0, 1} producing a bi-
nary outcome a, b, c ∈ {+,−} is measured on particle
1,2, or 3 respectively. Given the fact that observable the
X is measured first on particle 1 and the outcome is a,
from the definition of broadcasting correlations (3) one
can infer the existence of a joint probability distribution
of the measurement outcomes on the other two particles
in the form Pλ1(b
0, b1, c0, c1|aX) related to a particular
hidden state λ1. The index of lambda being ’1’ denotes
that the first measurement is performed on particle ’1’;
b0(1), c0(1) denotes the outcomes when Y = 0(1), Z = 0(1)
are measured on particles 2 and 3 respectively. Clearly,
the probability of obtaining the outcomes b, c depends on
the measurement setting X and the outcome a of the first
particle. Similarly, we can define Pλ2(a
0, a1, c0, c1|bY )
and Pλ3 (a
0, a1, b0, b1|cZ) when particle 2 or 3 is mea-
sured first. The observed joint probability of finding,
say a0 = +, b0 = +, c0 = + denoted as P (a0+, b0+, c0+)
is given by the expression
P (a0+, b0+, c0+) =
∑
qλ1Pλ1 (a
0+, b0+, c0+)
+
∑
qλ2Pλ2(a
0+, b0+, c0+) +
∑
qλ3Pλ3(a
0+, b0+, c0+)
(4)
for
∑
λ1
qλ1 +
∑
λ2
qλ2 +
∑
λ3
qλ3 = 1, where the joint
probabilities Pλ1(a
0+, b0+, c0+), Pλ2(a
0+, b0+, c0+),
and Pλ3(a
0+, b0+, c0+) are marginals of the overall joint
probability,
Pλ1(a
0+, b0+, c0+) =
∑
b1,c1=±
Pλ1(+, b
1,+, c1|a0+)Pλ1(a0+)
Pλ2(a
0+, b0+, c0+) =
∑
a1,c1=±
Pλ2(+, a
1,+, c1|b0+)Pλ2(b0+)
Pλ3(a
0+, b0+, c0+) =
∑
a1,b1=±
Pλ3 (+, a
1,+, b1|c0+)Pλ1(c0+).
(5)
In the following, we use the description of broadcasting
correlations given by (4)-(5).
3A. Broadcasting inequalities
In order to learn about the structure of tripartite cor-
relations, we now introduce several new inequalities.
Theorem 1: In the tripartite scenario described above,
the following inequality holds,
I = S3 + S
′
BL≤ 5 BC≤ 6 (6)
where S3 = 〈a0b0c0〉 + 〈a0b0c1〉 + 〈a0b1c0〉 −
〈a0b1c1〉 + 〈a1b0c0〉 − 〈a1b0c1〉 − 〈a1b1c0〉 − 〈a1b1c1〉,
[17] and S′ = P (a0+, b0+, c0+) + P (a0−, b0+, c0+) +
P (a1+, b0−, c0−) + P (a1−, b0−, c0−). Moreover, quan-
tum correlations allow for values of I higher than 6.
Proof: It was shown that, the quantity S3 introduced
by Svetlichny [6] as BL inequality, is also bounded by
broadcasting correlations [15],
S3
BL/BC
≤ 4. (7)
From Eq.(7) and the fact that the algebraic maximum
value of S′ is 2, one concludes the upper bound of (6)
for BL and BC cannot be greater than 6. For BL cor-
relations, we checked that S′ ≤ 1 by considering every
possible deterministic BL strategy. The general ones are
just linear combinations of these. Further, we notice that,
for the broadcasting correlation, ∀λ1
Pλ1(a
0+) = Pλ1(a
1−) = 1,
Pλ1(+,+,+,+|a0+) = Pλ1(−,−,−,−|a1−) = 1,
(8)
and for all λ2 and λ3 qλ2 = qλ3 = 0, reproduces the upper
bound 6.
A simple calculation for the state and measurements
for which the maximum violation of (7), is obtained [6],
yields IQM = 4
√
2 + 0.5 ≈ 6.157. QED.
It is also trivial to check that S′ ≤ 1 in any no-
signalling theory and hence in QM. Therefore we obtain
S′
BL/QM
≤ 1 BC≤ 2. (9)
This shows that there are broadcasting correlations which
are neither in BL nor in QM.
Theorem 2: In the tripartite scenario described above,
broadcasting correlations satisfy the following inequality
R3 = P (a
0+, b0+, c0+)− P (a1+, b0+, c0+)
− P (a0+, b1+, c0+)− P (a0+, b0+, c1+)− P (a0+, b1−, c1−)
− P (a1−, b0+, c1−)− P (a1−, b1−, c0+) ≤ 0.
(10)
Proof: Since the left-hand side of (10) is symmetric un-
der the permutation of parties, it is sufficient to show
that (10) is satisfied in the context where particle 1 is
measured before the others. If we expand the joint prob-
abilities appearing in (10) by using (5), we obtain
Pλ1 (a
1+, b0+, c0+) + Pλ1 (a
0+, b1+, c0+)
+ Pλ1(a
0+, b0+, c1+) + Pλ1(a
0+, b1−, c1−)
+ Pλ1(a
1−, b0+, c1−) + Pλ1(a1−, b1−, c0+)
= Pλ1(a
0+)
[ ∑
b0,c1=±
Pλ1(b
0,+,+, c1|a0+)
+
∑
b1,c0=±
Pλ1(+, b
1, c0,+|a0+)
+
∑
b0,c0=±
Pλ1(b
0,−, c0,−|a0+)
]
+ Pλ1(a
1+, b0+, c0+)
+ Pλ1(a
1−, b0+, c1−) + Pλ1(a1−, b1−, c0+)
= Pλ1(a
0+, b0+, c0+) + non-negative terms
≥ Pλ1(a0+, b0+, c0+).
(11)
This equation is true for probabilities indexed with λ2, λ3
due to symmetry. This concludes the proof. QED.
By making projective measurements on the GHZ state,
quantum mechanics lets us violate (10) and obtain a
value of 0.0364 (more on quantum violations of broad-
casting inequalities later). Note that, for the BL correla-
tions (2) in which ∀λ1,
Pλ1(a
0+) = Pλ1(a
1−) = 1,
Pλ1(b
0+, c0+) = Pλ1(b
1−, c0−) = Pλ1(b0−, c1−)
= Pλ1 (b
1+, c1+) = 1
(12)
and qλ2 = qλ3 = 0, ∀λ2, λ3, the left-hand side of (10) is
1.
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FIG. 1: Representation of the overall structure of different
bilocal, broadcasting and quantum correlations. Dashed lines
represent inequalities given by (6),(7),(9),(10),(13). Here B
represents the Bell-CHSH term (〈a0b0〉 + 〈a0b1〉 + 〈a1b0〉 −
〈a1b1〉) [3], which is bounded by 2√2 in QM.
4Obviously, correlations which involve one-way signal-
ing between two parties are in both BC and BL but not
in QM. It can also be checked by considering determin-
istic strategies of one-way signaling between particle ’1’
to ’2’ that the following inequality holds,
T = P (a0+, b0+) + P (a0−, b1+)
+ P (a1+, b0−) + P (a1−, b1−) ≤ 2. (13)
Since T contains joint probability of two particles
T
BC/QM
≤ 2, but the value of T is 4 for BL. These re-
sults give us all the information we need to present a
complete relation among broadcasting, different bilocal
and quantum correlations, which we do in Fig.1.
B. Generalization to N parties
We now show that a generalization of (10) holds for
multipartite system, in which the particle that is mea-
sured first simply broadcasts to all the other N − 1 lo-
cal particles. Suppose one of two dichotomic observ-
ables is measured on each of the spatially separated par-
ticles which are denoted by Xi and yield outcomes ai,
where the index i represents the i-th particle. Just as
in the tripartite case, we can define a joint probability
distribution Pλ1(a
0
2, a
1
2, ..., a
0
N , a
1
N |aX11 ) of the measure-
ment outcomes on all the other particles, conditioned
on the event that X1 is measured first on particle ’1’
and outcome a1 is observed. A similar probability dis-
tribution can be defined for probabilities indexed by
λ2, ..., λN . We can write the marginal probability distri-
bution Pλ1(a
0
1+, a
0
2+, a
0
3+, ..., a
0
N+) in terms of the joint
one,
Pλ1 (a
0
1+, a
0
2+, a
0
3+, ..., a
0
N+) =∑
a1
2
,...,a1
N
=±
Pλ1 (+, a
1
2,+, a
1
3, ...,+, a
1
N |a0+), (14)
and the following relation can be observed
Pλ1(a
1
1+, a
0
2+, ..., a
0
N+) + Pλ1(a
0
1+, a
1
2+, ..., a
0
N+)+
...+ Pλ1(a
0
1+, a
0
2+, ..., a
1
N+) + Pλ1(a
0
1+, a
1
2−, ..., a1N−)
+ Pλ1 (a
1
1−, a02+, ..., a1N−) + ...+ Pλ1(a11−, a12−, ..., a0N+)
= Pλ1(a
0
1+, a
0
2+, ..., a
0
N+) + non-negative terms
(15)
Again, (15) holds for any index λ1, ..., λN as it is symmet-
ric under the permutation of particles. Thus we obtain
the inequality
RN = P (a
0
1+, a
0
2+, ..., a
0
N+)−
N∑
j=1
P (a1j+, a
0
∗+)
−
N∑
j=1
P (a0j+, a
1
∗−) ≤ 0
(16)
where a∗ denotes the joint probability of all particles
except the j-th one.
IV. QUANTUM MECHANICAL VIOLATION
To show the QM violation of the inequality given by
(16), we take the family of GHZ-like states
|GHZ〉 = cos(t)|0〉⊗N + sin(t)|1〉⊗N (17)
shared by spatially separated parties [18], where t ∈
(0, pi4 ]. We consider the measurement settings on each
particle to be projective and the angle between the mea-
surements corresponding to different settings of one party
is the same for all parties. Moreover, the angle with the
z-direction is the same for all parties. Therefore we can
parametrize them by angles φi, α, β, γ,
Xi(= 0) = sin(α) cos(φi)σ1 + sin(α) sin(φi)σ2 + cos(α)σ3,
Xi(= 1) = sin(β) cos(φi + γ)σ1 + sin(β) sin(φi + γ)σ2
+ cos(β)σ3,
(18)
where σi(i ∈ {1, 2, 3}) are the Pauli matrices. Taking
the values of t ∈ [0, pi4 ] at small intervals, the QM expres-
sion of left-hand side of (16) for GHZ-like states (17) is
numerically maximized with respect to these parameters
(φi, α, β, γ), as shown in Fig.2.
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FIG. 2: QM violation of (16) for GHZ-like states (17).
Remarkably, for any non-zero value of t, we get a QM
violation. In other words, all the GHZ-like states (17)
possess genuine multipartite nonlocality in terms of vi-
olating first event broadcasting correlations. The ana-
lytical proof for the tripartite case is given in the Ap-
pendix. These results signify the importance of the in-
equality (16).
5V. IMPLICATIONS AND DISCUSSION
In this work, we were able to reveal a rich structure of
different correlations in tripartite scenario and show the
efficiency of QM versus local theories augmented with
signaling. Apart from further studies on this kind of cor-
relations our work opens an intriguing area of research as
it hints that in scenarios with more parties the structure
of correlations may be even more interesting.
Let us discuss one aspect of QM violation of inequal-
ities satisfied by broadcasting correlations in terms of
anonymous quantum nonlocality [16]. This notion is
based on the multipartite nonlocal correlations which can
be reproduced by bilocal correlations with respect to all
bipartitions. From an operational perspective, given that
an outsider has access to the multipartite probability dis-
tributions, it is impossible to tell which subset of parties
collaborated, even though the probability distribution is
bilocal. Obviously, anonymous quantum nonlocality can
also be defined with respect to broadcasting. In the tri-
partite case, the correlations satisfying
P (a, b, c|X,Y, Z)
=
∑
λ1
qλ1Pλ1(a|X)PX→Yλ1 (b|Y,X, a)PX→Zλ1 (c|Z,X, a)
=
∑
λ2
qλ2Pλ2(b|Y )P Y→Xλ2 (a|X,Y, b)P Y→Zλ2 (c|Z, Y, b)
=
∑
λ3
qλ3Pλ3(c|Z)PZ→Yλ3 (b|Y, Z, c)PZ→Xλ3 (a|X,Z, c)
6=
∑
λ
qλPλ(a|X)Pλ(b|Y )Pλ(c|Z)
(19)
are also anonymous in the sense that they can be re-
produced by any kind of broadcasting but by local the-
ory. Similarly, they can be defined in N -partite sys-
tem with k broadcasting parties. To provide an ex-
ample of quantum correlations satisfying (19), we probe
the same GHZ correlation considered in [16]. The joint
probability of all the measurements, denoted as P (~a| ~X)
for the GHZ state when the local measurements are
Xi(= 0) = σ1, Xi(= 1) = σ2, is given by
P (~a| ~X) = 1
2N
[
1 + cos
(
π
2
N∑
i=1
Xi
)
N∏
i=1
ai
]
. (20)
This correlation is nonlocal and has been studied exten-
sively [4, 19]. In the (N − 2) event broadcasting sce-
nario, irrespective of which (N − 2) parties are measured
first, the probability distribution for all broadcasting par-
ties satisfies P (aXi +) = P (a
X
i −) = 12 . Furthermore, the
probability distribution for the last two parties is
P (a0N−1−, a1N−1+, ayN = (l)(−)⌊
x
2
⌋+y+1, a
y⊕1
N = (l)(−)⌈
x
2
⌉+y+1)
= P (a0N−1+, a
1
N−1+, a
y
N = (l)(−)⌊
x
2
⌋+y, a
y⊕1
N = (l)(−)⌈
x
2
⌉+y+1)
= P (a0N−1+, a
1
N−1−, ayN = (l)(−)⌊
x
2
⌋+y, a
y⊕1
N = (l)(−)⌈
x
2
⌉+y)
= P (a0N−1−, a1N−1−, ayN = (l)(−)⌊
x
2
⌋+y+1, a
y⊕1
N = (l)(−)⌈
x
2
⌉+y)
=
1
4
,
(21)
where x = modulo4(
∑N−2
i=1 Xi), y = modulo2(x), l =∏N−2
i=1 ai. One can check that such (N − 2) event broad-
casting reproduces the GHZ correlation (20).
In future, implications of QM violation of broadcast-
ing in quantum information and communication can be
investigated in more detail.
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Appendix
Here, we show that all tripartite GHZ-like states vio-
late (10). Considering α = β = pi2 and χ =
∑N
i=1 φi in
(18), the QM expression is obtained as
R3 =
sin(2t)
8
[cos(χ)− 3 cos(χ+ γ)− 3 cos(χ+ 2γ)]− 5
8
= sin(2t)0.6614− 0.625 (taking χ = 1.3807, γ = 1.0472).
For the QM violation of R3, t >
1
2 sin
−1( 0.6250.6614 ) ≈ 0.6187.
While the maximum violation is 0.0364 when t = pi4 .
To show the QM violation for lower t, we consider φi =
0∀i in (18), and further, choose cos(a) = t− 1,
cos(b) =
(2t− t2) cos(2t)
2t cos(2t) + 4 sin2(t) + (2t− t2 + 2√2t− t2) sin(2t) .
Then the expression for R3 given by
R3 =
sin2 t
8
[3(cos(b)− 1)(t− 2)2 + 3(cos(b) + 1)2(t− 2)
− (t− 2)3]− cos
2 t
8
[3t2(cos(b) + 1) + 3t(cos(b)− 1)2 − t3]
− sin(2t)
8
[(2t− t2) 32 − 3 sin(b)(2t− t2)− 3 sin2(b)
√
2t− t2]
can be evaluated. It can be seen that for t ∈ (0, 0.66] this
quantity is positive. Thus by taking two different ranges
of values, we show that, for all t ∈ (0, pi4 ], (10) is violated.
